By deriving the necessary conditions for a multi-stage optimal control problem where the endogenous switching instants appear as an argument of the state equation, we analyze the optimal pattern of technology adoptions under embodiment with a finite planning horizon. We show that the optimal pattern of technology adoptions depends crucially on how the growth rate advantage compares to the adjustment and the obsolescence costs inherent to embodiment. We obtain non-stationary lifetimes for the adopted technologies due to finite planning horizon. We analyze numerically the effects of planning horizon, speed of adjustment to the new technology, growth rate of technology and the impatience rate on the optimal pattern.
INTRODUCTION
This paper characterizes a theoretical framework to analyze the optimal timing and pattern of technology adoptions under embodiment over the course of a finite planning horizon. Since the system underlying such an individual problem of technology adoption and investment involves abrupt discrete switches, we propose a multi-stage optimal control approach where the switching instants are endogenously determined.
This paper contributes to the theory through the derivation of necessary conditions of optimality for multi-stage control problems in which the endogenous switching times appear as an argument of the state equations. Early contributions on the control of such systems have been mainly limited with two-stage optimal control techniques that recall Pontryagin maximum principle from a dynamic programming perspective (see [1, 2] ). Makris [3] extended the analysis to allow for multiple regime switches but has not considered the fact that the switch-points may appear as an argument of the state equations. The illustrations of two-stage optimal control on technology adoption problems can be found in Boucekkine et al. [4] . In this respect, our theory both harnesses and extends the analysis of Boucekkine et al. [4] by analyzing multiple technology switches.
We concentrate on a model of life-cycle technology adoption in which the agent faces a technology frontier that evolves exogenously at a constant rate. Newer technology implies a larger investment-specific productivity and, as such, adoption of it represents an acceleration in embodied technical change. At any instant of time, the agent may either upgrade to the frontier level of capital accumulation technology or continue to use the current one. However, adoption of a new technology is costly as more embodiment implies a decrease in the relative price of capital, which 575 induces a re-assignment of the resources towards investment, resulting in a drop in the consumption level. The welfare cost of this drop in the consumption level is referred to as obsolescence costs and they are shown to be non-negligible (see [4] [5] [6] ). In addition to these obsolescence costs inherent to embodiment, switching to a newer technology induces an accelerated erosion effect on physical capital (see [7, 8] ) and a slow adjustment process for reaching the best productivity level of the new technology. This posits a trade-off between the improvement in the efficiency of investment, referred to as growth rate advantage and the adjustment cost of technology adoption together with obsolescence inherent to embodiment. In such an environment, the agent seeks to maximize the standard discounted sum of utility from consumption over a finite time interval by choosing the number, and the timing of technology upgrades, and the path for consumption.
Considering optimal pattern of technology adoption and the trade-offs therein, our theory touches upon the works by Parente [9, 10] , Mateos-Planas [11] and Boucekkine et al. [12] . The cost of adoption in all these studies is mainly the loss of expertise, namely the specific human capital accumulated on the currently used technique. Parente analyzes the optimal adoption problem with an infinite planning horizon and conjectures that the optimal adoption plans are typically characterized by evenly spaced pattern of technology adoptions. In such a framework, there is no possibility to stick to a given technology so that there will be no room to handle technological sclerosis. Mateos-Planas [11] incorporates a finite planning horizon and predicts a non-stationarity in the sense that an optimal plan may incorporate both types of adopted technologies that are to be learned and that are to be skipped without learning. The model considers the adoption problem of an agent operating a single firm that produces output using one machine and leaves no room to deal with the effects of technology adoption on the capital accumulation process. It adopts a step-wise discrete learning process and concludes that the adoptions may become more frequent as the agent grows older.
Our framework allows us to bring out a number of contributions to the optimal adoption literature as well. Following Boucekkine et al. [4] , the optimal pattern of technology adoptions is determined by taking into account the non-negligible obsolescence cost inherent to embodiment. We characterize the optimal number of technology upgrades and the optimal timing of them within a given finite planning horizon. In contrast with models by Parente and its extensions, we obtain a non-stationarity in the durations of the adopted technologies to be in use due to the finite planning horizon. We note that the lifetimes of the technologies in use follow a monotonically increasing path as it is optimal to devote more time for using later technologies that are endowed with a higher level of investment efficiency and will eventually provide a higher level of consumption. In contrast with Mateos-Planas [11] , the admissible plans that incorporate more frequent technology switches through the end of the planning horizon are not optimal. We illustrate how the optimal pattern of technology adoptions evolves with respect to the planning horizon, the speed of adjustment to new technology, the rate of growth of technology and the discount rate through numerical analysis. This paper is organized as follows. Section 2 describes the model and optimal technology adoption problem. Section 3 presents the multi-stage optimal control problem as a resolution process. Section 4 illustrates the optimal pattern of technology adoption and how it responds to the changes in the parameters of the model with a numerical analysis. Finally, Section 4 concludes.
THE MODEL
We consider an individual problem of technology adoption and investment with a finite planning horizon. At an instant t, the agent produces the flow of output AK (t), where A>0 denotes the marginal productivity of capital. Physical capital evolves as the result of investment according tȯ
where C(t) denotes the flow of consumption. q(t) denotes the efficiency of investment and, as such, it represents the embodied technical progress variable. This investment-specific productivity q is determined by the technology in use, which corresponds to the frontier technology at the time that the technology was adopted by the agent. The frontier technology grows at a constant rate and its value at time t can be represented as e t (see [10] ).
A newer technology that has a higher q associated with it implies a decrease in the relative price of capital and raises the user cost of capital by the so-called obsolescence costs ‡ . Apart from obsolescence cost inherent to embodiment, switching to a newer technology induces an accelerated erosion effect on physical capital (see [7] ) and a slow adjustment process for reaching the best productivity level of the new technology. § Accordingly, the depreciation rate of the capital stock is composed of two parts, one of which incorporates the technology-specific adjustment cost of adoption. More precisely, we have:
where t j denotes the switching instant of the jth technology and A and are positive parameters. In order to elaborate more on the cost of technology adoption, we will assume without any loss of generality that use-related physical deterioration rate,¯ is nil. Note that the accelerated loss of capital stock following a technology switch increases as the technological acceleration gets sharper. However, these adjustment costs are not permanent and asymptotically eliminated with a speed measured by the parameter .
The agent seeks to maximize the standard discounted sum of utility from consumption over a finite time interval. The choice variables are the number, and the timing of technology upgrades, and the path for consumption. As the number of technology adoptions will also be chosen optimally, our analysis will constitute from two parts. In the first part, noting that the cost of switching limits the number of adoptions so that there can be zero, finite or countably infinite number of adoptions, we will present the necessary conditions for the optimal control of n possible technology upgrades, where n is an arbitrary-fixed number. Knowing that the arbitrary number of adoptions may not be consistent with the optimal choice, the second part of our analysis will be devoted to the determination of the optimal number of technology upgrades.
Multi-stage optimal control problem
We have the following multi-stage optimal control problem for a given sequence of switching, t j−1 t j , j = 1, 2, . . ., n,
subject tȯ
T <∞ given and K (t) 0 free,
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where n denotes the given maximum number of technology upgrades. The discrete controls t j ( j = 1, 2, . . . , n) determine the switching instants between alternative and consecutive regimes. The planning horizon is finite and we adopt the convention t n+1 = T . The state variable K (t) ∈ R + is one-dimensional, continuous and piecewise continuously differentiable function of t ∈ [t 0 , T ] and its behavior is governed by the regime-specific differential Equation (2) . The control variable C(t) is a piecewise continuous function of t ∈ [t 0 , T ] valued in R + . The intertemporal utility function u : R + → R is strictly increasing, strictly concave and satisfies Inada condition: u (0) = +∞. We refer to {t 1 , . . . , t n } and {K (t), C(t)}, t ∈ [t 0 , T ] as admissible whenever there exists a solution for the state equation that satisfies the initial and the boundary conditions and the value of the objective function is finite with t j−1 t j , ∀ j = 1, 2, . . ., n +1, A path (K * (t), C * (t), t * 1 , . . . , t * n ) is optimal if it is admissible and we have
for any other admissible path (
The novel feature of the problem is that the endogenous switching instants appear explicitly as an argument of the law of motion of the state. It is important to note that early contributions by Tomiyama [1] , Tomiyama and Rossana [2] and Makris [3] cannot be used to handle this optimization problem.
The following theorem presents the necessary conditions for the optimum.
is the optimal path. Then, there exist continuous and piecewise continuously differentiable co-state functions, j (t), ∀t ∈ [t j−1 , t j ], j = 1, 2, . . ., n +1, such that (2) and the continuity conditions:
hold. Moreover, defining the Hamiltonian function for each regime as
and adopting the convention
and the canonical equations,
are satisfied by the optimal trajectory. Finally, we have the matching conditions for the jth regime switching ( j = 1, . . . , n),
and the following transversality condition:
Proof See Appendix.
The proof is based on the standard tools of variational calculus and considers independent variations in the state and the control variables [17] [18] [19] . In addition to the standard optimal control conditions, concerned with the choice of optimal consumption and capital between any two switches, we obtain the matching conditions that characterize the choice of the switching dates. Accordingly, the optimal decision must balance the benefit of upgrading the investment technology against the obsolescence and adjustment costs of such an upgrade.
Remark 2
The matching conditions for a two-stage problem (i.e. n = 1) reduces to
as stated in Tomiyama and Rossana [2] .
Remark 3
In contrast with Tomiyama [1] and Makris [3] , the Hamiltonians do not match at the switching instants because the state equation depends on the switching time explicitly. If this dependence is removed, it is clear that the matching conditions for the kth regime switching reduces to
, as stated in Makris [3] and with only a single regime switching (i.e. n = 1), in Tomiyama [1] .
The canonical conditions can be used to solve for C and K within each interval where the technology is held constant. Adopting a logarithmic utility function, from the resolution of these necessary conditions, we obtain:
Notice that the consumption path is discontinuous at t * i , i = 1, 2, . . ., n. Since q(t i )>q(t i−1 ), we have the level of consumption along the old technology regime is higher than in the new regime in each of the technology switches. This stems from the fact that a higher level of embodied technical change is associated with a decrease in the relative price of capital, which increases the user cost of capital by the so-called obsolescence costs.
When switching to a new technology, an improvement in the efficiency of capital goods, referred to as growth rate advantage, will be experienced. The matching conditions given in (11) Having established the optimality conditions for the multi-stage optimal control problem for a given number of switches, now we turn our attention to the optimal number of switches within a given planning horizon.
Optimal number of technology adoptions
The matching conditions can be used to analyze the corner solutions (possibility and the economic meaning) in the optimal timing of technology upgrades, i.e. immediate switching and technological sclerosis. In general, in such a system with n switches, one has to consider 2 n+1 −1 possible corner solution cases. Among these, if optimal path follows t 0 <t * 1 = t * 2 = · · · = t * n = T , then the agent faces a sclerosis at the initial technology so that no technology adoption actually occurs. If the optimal path follows t 0 <t * 1 <t * 2 = · · · = t * n = T , then it is clear that once the agent switches to the new technology at t * 1 , it sticks to that till the end of the planning horizon so that the optimal number of technology adoption equals one.
In accordance with these, given a sufficiently large maximum number of technology upgrades n, the necessary conditions for t 0 <t * 1 <t * 2 < ··· <t * m <t * m+1 = · · · = t * n = t n+1 can easily be written in reference to (11)- (13), in which the optimal number of technology adoptions actually equals to m. Then, the optimal number of switches m * can be determined as a solution to arg max
Alternatively, concentrating only on the interior solutions for the optimal timing of technology upgrades, the optimal number of technology adoptions can be determined as a solution to arg max
As we are not able to derive the closed form representation of the optimal number of switches and thus, the optimal timing of technology adoptions, we resort to numerical analysis. ¶
NUMERICAL ANALYSIS
In this section, we illustrate the properties of the solution to the multi-stage optimal control problem. We study to which extent embodiment matters in the optimal pace of technology adoption. We analyze how the trade-off, which exists between growth rate advantage and the obsolescence and adjustment costs, shift in response to an exogenous change in the parameters of the model with a special emphasis on the planning horizon. To this end, we adopt a logarithmic utility function and summarize the benchmark parameterization of the model in Table I .
In a competitive equilibrium the relative price of capital goods would be given by 1/q, since this shows how much output or consumption goods must be given up in order to purchase a new unit of equipment. Accordingly, using the decline rate of the relative price of equipment as a proxy, several studies attempt to measure the rate of investment-specific technological progress and evaluate its role in predicting recent and prospective productivity growth trends of the US 580 C. SAGLAM economy (see, for the review of the concepts and recent estimates, [20] ). Among those, Del Rio [6] , Pakko [20] and Cummins and Violante [21] , using different assumptions and methodologies, find that the investment-specific technological progress amounts to 2.27, 1.86 and 1.50%, respectively.
In accordance with these, we set to 0.02. There is vast number of studies noting that the productivity may not be high at the early stages of the implementation of the new technique until a sufficient level of experience is reached. * * Jovanovic and Nyarko [15] show that increases in the productivity of individual plants following their start-ups are typically large and realized in a short period of time. Bahk and Gort [22] , using a panel data of new plants from 15 different industries, estimate that adjustment to the new technology is realized within 6 years and at each year 1% increase is associated with the increase in the output. Consistent with these typical learning-by-doing models, we assume that the adjustment cost of technology adoption is not permanent and it is asymptotically eliminated with a speed of = 0.7. Obsolescence cost inherent to embodiment and the accelerated erosion of physical capital following a technology adoption rule out the continuous adoption of new technologies within a finite planning horizon. Under the parameter values presented in Table I , determination of the optimal number of technology upgrades is summarized in Table II . We set the maximum number of possible technology upgrades to 4 (i.e. n = 4). In case of a single switch (m = 1), the optimal timing of adoption is 11.32 and the maximum lifetime utility level that can been attained is 437.711. Allowing for two switches, we obtain that the resulting optimal lifetime utility level is 440.336. When we analyze the case of three or more technology switches, the resulting improvement in the efficiency of investment is not enough to cover the obsolescence and adjustment costs under the given planning horizon so that we obtain corner solutions with t * 3 = t * 4 = T and obviously no improvement in the lifetime utility level. Thus, for our benchmark setting, the optimal plan incorporates actually two technology upgrades with t * 1 = 8.99, and t * 2 = 18.11, Accordingly, the initial technology with q(t 0 ) will be used for 8.99 years and then replaced by the second technology with q(t * 1 ). The second technology will be in use for 9.12 years and then replaced by the final technology with q(t *
2 ). When we analyze the behavior of the adoption pattern with respect to time discounting, we observe that a higher impatience rate tends to delay adoption. Indeed, if the agent is impatient enough, even a decrease in the optimal number of adoptions may occur. The effect of the time discounting on the pattern of technology adoptions is summarized in Table III . The delay in the adoption of the more advanced technologies as increases is due to the increases in the obsolescence costs. However, there may exist an opposing effect that tends to accelerate adoption. Since the sooner the adoption, the sooner the accelerated erosion of the preexisting physical capital will occur and the sooner the best productivity level of the new technology will be reached, * * For a general survey, see Greenwood and Jovanovic [16] . increasing the growth rate advantage of a technology upgrade (see, for an analytical inspection in a single technology adoption problem, [12] ). With our parameter values, as increases, the obsolescence cost clearly dominates the growth rate advantage. In contrast with the effect of an increase in the impatience rate, an increase in the investmentspecific technological progress leads to an acceleration in the adoption of the new technologies. Table IV presents the effect of a change in on the optimal pattern of technology adoptions. This is far from surprising because of the associated increase in the growth rate advantage inherent to the adoption of the new technologies. This reduces the time required for the growth rate advantage to dominate costs due to obsolescence and the accelerated depreciation so that an acceleration in the adoption of the new technologies will occur. Accordingly, an increase in the rate of investment-specific technological progress that does not alter the optimal number of switches reduces the lifetimes of the technologies in use except the final technology. The lifetime devoted to the use of the final technology will be longer as the duration left after the last switch will not be sufficient for covering the obsolescence and adjustment costs of a further switch. However, a sufficient increase in would also increase the optimal number of adoptions within a given planning horizon. This leads to a further decrease in the duration between two consecutive adoptions. increase the lifetime of the final technology to be used. Moreover, a sufficient increase in the speed of adjustment may lead to an increase in the optimal number of adoptions. In such cases, the optimal plan features a further decrease in the duration between two consecutive technology adoptions. On the other hand, for sufficiently low values of , the agent would never switch to a better technology and face a technological sclerosis. Finally, we will consider how the optimal pattern of technology adoptions shift in response to the changes in the planning horizon. It is clear that a longer planning horizon provides an incentive to delay adoptions in order to benefit more from the growth rate advantage. In Boucekkine et al. [12] , considering a single technology adoption problem, it is proven that a longer time horizon leads to a delay in the adoption of the new technology. Consistent with these, when we consider the effect of an increase in T that does not alter the optimal number of switches, we note that the adoption of new technologies are delayed and the lifetimes of each technology in use are increased. However, such an increase in the planning horizon may also lead to an increase in the optimal number of adoptions, which would clearly reduce the lifetimes of each technology in use as well. The effects of changes in T on the optimal number of switches and hence, on the dates when these switches will occur, are presented in Table VI. With our benchmark parameterization, increasing the planning horizon to 35 years does not alter the optimal number of technology adoptions and leads to a delay in the adoption of the two technologies. As the optimal number of technology adoptions is left unchanged, such an increase in the planning horizon creates an 'anticipation effect' in the sense that knowing better technologies will appear in the future makes the postponement of the adoptions optimal. Accordingly, the lifetimes of all the technologies in use increase. However, increasing further the planning horizon to 40 years increases the optimal number technology adoptions so that the technology would be updated three times incorporating shorter lifetimes for each. On the other hand, if the planning horizon were short enough (T 15), the agent would stick to the initial technology and end up with a technological sclerosis.
If the horizon were infinite, then the optimal plan would incorporate infinite number of technology upgrades. In such an optimal growth framework, Parente [9] and Iacompetta [23] analyze the continuous adoption of new technologies and conjecture that the optimal lifetime of a technology would be constant through time † † . However, a finite planning horizon leads us to obtain nonstationary durations between consecutive adoptions. As the final technology has no better subsequent technology to compete with, it should not be surprising that the agent stays around it longer than the rest. Indeed, we show that the lifetimes of the technologies in use follow a 583 monotonically increasing path and the admissible plans that incorporate more frequent technology switches through the end of the planning horizon are not optimal. ‡ ‡ In addition to the eventual adjustment costs associated with technology adoption, the crucial factor in these is the obsolescence cost inherent to the embodiment. The gain in the rate of embodied technological change is associated with a reduction in the relative price of capital so that the consumption should drop from the date of each switch. Moreover, it is important to note that switching to more embodiment implies more drop in the level of consumption. Because of this, as agent grows older, even though the increasing growth rate advantage creates an incentive for more frequent switching, the associated increase in the obsolescence cost prohibits to do so. Therefore, it turns out to be optimal to devote more time for using later technologies as they will be endowed with a higher level of investment efficiency and eventually provide a higher level of consumption.
CONCLUSION
In this paper, we provide a multi-stage optimal control approach for analyzing the optimal pattern of technology adoptions under a finite planning horizon. To do so, we have derived the necessary conditions of optimality for such multi-stage optimal control problems in which the adjustable switching times appear as an argument of the state equation. We have provided numerically the effects of the planning horizon, growth rate of technology, discounting parameter and the speed of adjustment to the new technology on the optimal pattern of technology adoptions.
We believe that this model provides a rich structure that could be used to examine several other types of optimal choice and timing problems. On growth-related issues, a decentralized equilibria could be considered in order to analyze the technological leapfrogging among firms and industries.
It could be extended to analyze the effects of capital market efficiency, the role of uncertainty and the market structure on technology adoption. These are in our research agenda.
APPENDIX A

Proof
To derive necessary conditions for the optimum, we utilize the standard tools of variational calculus (see [17, 19, 18] ). To this end, we define the modified performance index, using the notion of Lagrange multipliers. Associating continuous and piecewise continuously differentiable real-valued functions, j (t), ∀t ∈ [t j−1 , t j ], j = 1, 2, . . ., n +1, with each equation of (2), we have: W (K (t), C(t), t 1 , . . ., t n ) = [u(C(t))e − t + j (t)(q(t j−1 )((AK (t)−C(t))− e − (t−t j−1 ) K (t))−K (t))] dt. [H j (t, K (t), C(t), j (t), t j−1 , t j )− j (t)K (t)] dt. ‡ ‡ Mateos-Planas [11] considers the life-cycle technology adoption problem of an agent operating a single firm that produces output using one machine and predicts also non-stationarity in the sense that an optimal plan may incorporate both types of adopted technologies that are to be learned and that are to be skipped without learning. However, as it leaves no room to deal with capital accumulation and adopts a step-wise discrete learning process, concludes that the adoptions may become more frequent as the agent grows older.
